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PEEFACE 



This book has been written for the use of boys, and 
also as a help to those who wish to read for themselves 
the elementary and practical parts of Trigonometry. 

In my experience of teaching, I have found that the 
first two terms spent by a boy of ordinary power on 
Todhunter's larger Trigonometry have been all but 
wasted. 

He has been there brought for the first time face to 
face with bookwork, most exactly and logically arranged. 
This must be learned of itself, and no explanation or 
illustration is added. 

There is also a deficiency of that which formed the 
bulk of other subjects, namely of examples in working 
which he might gain an insight into the principles of 
the bookwork and the use to be made oi^. 



VI PREFACE. 

It has been my object to provide an introduction to 
Mr Todhunter's excellent Manual, and to write a simple 
book, whicli shall contain enough matter for a term's 
reading, and examples sufficiently easy for a boy to 
work out unaided, as evidence to himself that he under- 
stands what he has read. 

It gives me great pleasure to think that this little 
book bears a tribute to the memory of the late Canon 
Temple Chevallier, of Durham, who read it and gave 
me many very valuable suggestions. 

I have been also very much assisted in the idea 
and progress of the work by my Tutor and Friend, 
Mr J. F. Moultou, of Christ's College. 

J. C. p. A. 

Jan. Ut, 1874. 
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CHAPTER L 

▲NQLES AND THE MEASUREMENT OF ANGLES. 
1 

A plane rectilineal angle is the inclination of two 
straight lines to one another, which meet together, 
but are not in the same straight line. 

This is one of Euclid's Definitions, which describes 
the nature of the angles treated of in Plane Trigo- 
nometry. 

The inclination of one line to another, that is, 
the angle between the two lines, may be increased 
or diminished; it may also be doubled or halved, or 
any multiple may be taken of it. Also one angle may 
be said to be greater than another or less. 

Hence to distinguish and describe an angle it is 
natural to take a measure, for we see that angles 
differ in magnitude, and measurement can be appUed 
to them as well as to lengths and other quantities. 

Now a measure or standard must be of the same 
kind as the thing to be measured, and must be of a 
constant size. 

Acres cannot be measured by pints, nor can we be 
sure that we have 30 yards of cloth whon that quantity 

A. T. ^ 



2 ANGLES AND THEIB MEASUREMENT, 

has been measured to us unless all yard measures are 
of the same length. 

2 There is one well-known angle by which angles 
may be measured. 

Def. When one straight line standing on another 
straight line makes the adjacent angles equal to one 
another^ each of these angles is called a Bight Angle. 

Now all right angles are equal to one another. 
So that any angle may be meastired by them. 

3 

For example, t of a right angle or 2| of a right 

angle denote certain angles which we have- expressed 
in terms of this measure or standard angle. 

We may refer to the Mariner's Compass as a use 
of the right angle as a measure; for when a pilot 
wishes the course of a ship altered, he speaks of turn- 
ing it through two or three points ; the right angle 
being divided into eight points this denotes that it is 

turned through j or ^ of a right angle. 

And as the ship might be turned round and roimd 
we might imagine it as turned through any number 
of points. Though we cannot draw an angle greater 
than two right angles, we see in this way that there 
is really no limit to its size. 

d It has been shewn that an angle may consist of 
any number of right angles or parts of a right angle^ 
that is, an angle will be known if we know what frac- 
tion or multiple it is of a right angle. 

But it would be inconvenient to measure an angle 
only by its relation to a right angle, just as it would be 
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hard to tell the time of day by the fraction of the year 
that has passed. 

So the right angle is divided into diflferent deno- 
minations^ as a year is divided into months, days, 
hours, minutes and seconds. 

The tables in use for angles are two; one in England, 
and one in France. 



English Measure. 

60" sec. = 1' minute 
60' min. = 1** degree 
90® deg. = a right angle 



French Measnre. 

100^^ sec, = r minute 
100' min. = V grade 
100^ grades = a right angle 



Both systems refer to a right angle, dividing it 
either into lOO' or 90®; so that, 10 grades make 9 

degrees* 

Hence, to reduce degrees to grades, 

multiply by 10 and divide by 9, 

while to reduce grades to degrees, 

multiply by 9 and divide by 10. 

Bemember that there are more grades than degrees 
in a right angle> or any angle, and it will be seen 
whether the multiplier is 10 or 9, in each case. 

To reduce parts of a degree to grades. Bring the 

min. and sec. to a fraction of a degree, thus IS' 20" 

800 
=s n^M ^^ * degree^ This fraction must be multiplied 

80 
by 10, and divided by 9, ?=» ^^ grades s:24\ 69'\ nearly. 

The parts of a grade are easily expressed in a 
decimal fraction, e.g. 1', 3\ 2V = 10321 gradea^ 
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To reduce this to the decimal part of a degree. 
Multiply by 9 and divide by 10 by moving the decimal 
point one place =« •92889 degrees = 6S' 44" nearly. 

These methods are merely applications of Arith- 
metical Reduction, and a few ^samples will suffice for 
practice in applying them* 



EXERCISES IK REDUCTION, 

Beduce to degrees, minutes and seconds, 

1. 3 of a right angle; 25^ 30^ 4^ '^^^ ^^ ^ ^^^^ 
angle. 

2. 23^; 25^; 48^ 35^2^; 18'.2r.30''; 335^ 

^ 1 . . , ^ , 1 21 51 18 426 

3. i8 0f^^g^*^gl^>225^436'282'3n'l3 
of a right angle. 

4. 225' . 18^ . r ; 23' . 14' . 12*' ; SI** . 1' . 2'\ 

5. The angle of an octagon ; a dodecagon. 

6. The angle contained by the hands of a clock 
at 5* . 20"; 6* . 32'; 6 min. to 12. 

Beduce to grades, minutes and seconds, 

^' 30' 6' 7' 21 ' 31' '^^^^^® ^^* "S^* angle. 

2. 16M8'.41"; Zl'; 52»; 83*; 45*; 13».14'.8". 

' „ 2 6 14 8 83 43 „ . , , , 
^' 3' 21' 31' 13' iiil' I3 ""^^ "gl^t «^le. 



EXERCISES. CHAPTER I. 5 

4. 48*. 31'; 16*. 36'; 14*.32'.23"; 63*. 8'. 2". 

5. The angles of an isosceles triangle, each of the 
angles at the base being three times the third angle. 

6. The angle contained by the compass-needle with 
the North, when pointing ;—N.E., N.N.W., E.N,E,, 
S.W,, S. by E., S.W. by W., E. JS. 



CHAPTER IL 



ANGLES AND ARCS. 



5 An angle being of unlimited size, to avoid a diffi- 
culty in expressing it by a figure, it is usual to consider 
an angle as the inclination of a line to one which is in 
a fixed position, so that the angle has always one fixed 
side. 

The line AP moves about 
a point A just as a clock-hand 
tiins round a point, but in 
the opposite direction. It is 
always supposed to start from 
a fixed line AX. 

Then the increase and A 

• 

decrease of the angle PAX or XAP (called the angle 
A) depends wholly on the motion of AP. 

When the angle A is increased, it is because AP 
has moved away from AX ; when it is decreased, it is 
because AP has moved towards AX , 
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AP may mov6 on till PAX oecomes a right angle, 
and further, till it becomes an obtuse angle ; and since 
the line AP has a motion of revolution about A which 
is not Umited, it may form two right angles, or three 
and four, and any number of right angles with AX. 

It is to meet this alteration in the idea of an angle 
that the fixed line AX is always used as one side of 
the angle. 

Euclid does not allow the existence of angles greater 
than two right angles. 

According to his usage, the angle PAX means the 
small angle, not dotted. But here the angle PAX is 




the angle described by the revolution of AP, which has 
started from the fixed line AX, in the direction oppo- 
site to that in which the hands of a clock revolve. So 
that in this figure PAX is between three and four right 
angles. 

The angle A is made by AP revolving ronnd A in 
the direction opposite to the hands of a clocl^ and 
starting from a fixed line AX. 

Th^re is no difficulty or possibility of mistake in 
speaking of an angle of any size, six or seven right 
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angles for instance, for the angle A continually in- 
creases so long as AP moves thus. 

When AP. returns to coincidence with AX, four 
right angles have been traversed, so to the eye the 
angle begins again after four right angles. . 

6 But as AP revolvesy the point P moves along an 
arc of a circle, and the magnitude of this arc PX is con- 
tinually increasing as AP moves in the,. same direc- 
tion. 




It is the simplest way of marking the size and in- 
crease of an angle A, to notice the size and increase 
of the arc PX along which P has moved* 

We see that if this arc be doubled, the angle A is 
doubled ; if the arc be bisected, the angle is halved ; 
or whatever multiple or fraction be taken of the arc, 
the same will be taken of the angle* 

So, if we measure the axe, we measure the angK 
if the size of the circle be the same. And if all would 
agree to use a circle of certain constant radius, it would 
be possible to measure an angle of 1 in. or 1 ft. arc, and 
to distinguish ah angle by that measure. An arc may 
be taken of any length, which well suggests the ds^ss^src^ 
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tion of angles by revolution and the unlimited size of 
angles. 

7 We must then take a standard arc as a measure 
of the arc subtending any angle, and this arc must 
increase with the circle, for the arcs subtended by any 
angle increase with that circle. 

An arc is taken whose length is equal to the 
length of the radius, and this is used as l^e standard 
arc, with which the arc subtending any angle is 
compared. 

Now there are two propositions on which this 
method depends. 

8 I. In the same circle, angles at the centre vary as 
the arcs on which they stand (Euc. VI, 33). 

11. In different circles, the circumferences are pro- 
portional to the diameters. 

The latter of these may be proved, by considering 
the circumference of a circle as the limit of a polygon, 
whose perimeter approaches the circumference, as the 
number of the sides is indefinitely increased. 

The perimeter of the polygon and therefore of the 
circle is proportional to its radius. 

The arc varies with the angle directly. 

So its arc is a good measure of an angle, and the 
radius is a measure that can well be used to measure 

the an^ since for the same angle at the centre of dif- 
ferent circles, the arc varies as the diameter or radius. 

9 Circular measure is the use of the radius to 

measure the arc on which an angle stands. 
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It measures the angle by the number of radii that 
are contained in its arc. 

If the arc is twice the radius^ the angle is called 2 ; 

» >f lUltj „ „ ., „ „ -J. 

If the arc contains tt radii^ the angle is called tt ; 

» >» »9 " » » » 99 "' 

IT and are numbers; is an unknown and variable 
number like ^ or y ; tt is the number of diameters 
which are contained in the (drcomferenoe of a circle. 

10 The circumference of a circle varies as its diameter, 
therefore the circumference is a constant multiple of 
the diameter. 

This constant is no exact fraction or integer, it is 
usually denoted by tt, where 

^=3141592653589793... 
this is nearly 31416, y or|§. 

The latter fraction is easily remembered as the odd 
numbers 113 355. 

11 So there are tt diameters, or Stt radii in the cir- 
cumference of a circle; hence the angle which the 
whole circumference subtends is called Stt. 

The whole circumference subtends four right angles. 
So the circulai* measure of four right angles is Stt ; and 

12 The circular measure of an angle is a number 
integral or ^fractional, namely, the number of radii 
contained in the arc which subtends an an^le^ ths^ 
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ig, circular measure is the fraction —^. — . If there 

are radii in the arc, the angle is called 0. 

We seem here to be measuring angles without 
having chosen a standard angle to compare them with. 

But the angle subtended by radii is times the 
angle subtended by one radius; So this angle, whose 
arc is equal to its radius/ is really the standard by 
which thp angle is measured. 

.The angle subtended by one radius is called the 

Unit of Circular Heasure. 

18 To ascertain the number of degrees or grades in 
the angle whose circular measure is 1. 

PAX is such an angle, for the arc PX is equal to 

the radius AP, 

arc __ 




I. Circumferences of circles vary as their radii; 
that is. 

The circumference contains 2ir radii. 
The radius is g- of the drcumference. 
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II. Angles at the centre vary as the arcs on which 
they stand. 

The angle subtended by one radius-length of arc 
is 2^ of the angle subtended by the whole circum- 
ference. 

But the angle subtended by the whole circum- 
ference is four right angles. 

The angle subtended by an arc of one radius-* 
length is 2^ of four right angles =^-= =^ • 

The Unit of Circular Measure (arc = radius) 

180* 20(K 
= or . 

IT IT 

This is about 57* -29577... 
14 This proof may be shortly written \ — 

angle PAX _ arcPX radius ^ 1^ 



four right angles drcumference 27r radii 27r 

.-. angle PAX =i^ = 67' -29577... 

15 The angle whose circular measure is is times 

- 180^ 200fl^ 
this angle = or • • 

^ IT IT 

Therefore, where D is the number of degrees in the 
angle whose circular measure is 6, D = . 

And where G is the number of grades in the same 

, ^ ' 200^ 
angle, G= « 

IT 
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Both these facts are included in the formulsB ; 

•*• 9"10~ TT ' 

where D is the number of degrees, 
Q is the number of grades, 
is the number of radii in the arc, 

of the same angla 

16 Before proceeding, it will be well to give a reca- 
pitulation of some important points. 

l.c^ An angle is always supposed to be formed by 
a fixed line, and a line which has revolved about a point 
in it, in the direction opposite to the hands of a clock. 

2. An angle may be measured by the number of 
right angles or parts of a right angle which it contains. 

arc 

3. The fraction — r: — is a good measure of an 

radius ® 

angle ; for (Euc. vi. 33) (if BAX is an angle whose arc 
is equal to the radius) 
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angle PAX ^ arc PX ^ arc PX 
angle BAX arc BX "" radius AP ' 

/. angle PAX = —r. — angle BAX, 

which shews that the size of the angle depends on 

— ji — , since BAX is a fixed ande. 
radius ® 



4. There are ir diameters in the circumference of 

a circle =a 27r radii or 27rr. tt = 3*1416, or -^, or ^pj-^ 
nearly. 

5. The complement of an angle is its defect from one 

right angle. Subtract the angle from 90°, 10(K or 5-, to 
find its coxnplemeut. ' 

6. The supplement of an angle is its defect from 
two right angles. Subtract the angle from 180', 200' 
or V, to find its supplement. 

7. Bule for reduction of the measures of angles, 

D G _ 20g 

9 10" TT ' 

1.. 1. • -n 9 n 180^ 
which gives D = rr; " or 

^ 10 TV 200^ , 

the operations which find the other two meaisureswhen 
one is given. 
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The following general examples in angles will aof- 
fice to give confidence in the use of this rule. 

Obs. As the circular measure represents a pure 
number^ a ratio, it is always placed without any mark 

3 ' 

of denomination after it, as an angle ^ or 2^ ; where 

these numbers are the circular measure. 

This is a pure convention, somewhat analogous to 
our expression " That child is just eight," or "That man 
is worth a million," meaning, of course, years and 
pounds sterling. 

The other measures must always have their marks 
added. 



PAPEBS ON ANGLES. 

1. 1* What is the Circular Measure of an Angle ? 

Give the circular measure of the angle subtended 
by a circular watch-spring 3 in. long and radius IJin. 

2. Find the number of degrees in the angles 10^, 
3(K, 2y, and the number of grades in 45*, 60^ 150^ 

3. Find the circular measure of - of a right angle ; 

o 

5 of 4 right angles ; one grade ; one degree. 

4. Add together 33». 46'. 21"; 2*. 22" ; y. 21' ; 

105' . 14' . 25*' ; -35^ ; I ; 102ar. 

O 

5. What angle in degrees, minutes and seconds is 
meantbytf = 2? 
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II. 1. Find the angle whose circular measure is 1, 
and deduce the number of degrees in 805. 

2. What number of grades, &c. is made by an arc 
of 5 chains at the centre of a railway curve, radius 
80 chains? 

3. Change to circular measure ; 

3M4'.25"; 185^2^.5'^• 1050.5". 

4. Through what angle does a steersman move his 
wheel when he passes n out of the m spokes ? 

5. What convenience is there in the French sys- 
tem of angle measurement ? 

III. 1. Prove that an angle may be measured 

arc 
by the fraction — ^ — , and find the arc which will 

subtend one degree at the centre of a circle, radius 
1 foot. 

2. Change to grades the angles; 13" • 12'; 406*^ . 3"; 
and 5 > T 5 2102 ; 201. 

3. Find the angle in circular measure made by 
the hands of a clock at 5\ 15', a quarter to 8, 3.30, 6.5. 

4. Prove the formula — ss—^sa — , giving the 
meaning of the terms used. 

6. Find the circumference of a circle where an 
angle of 33" is subtended by an arc of 4 inches. ' 



CHAPTER III. 

THE TBIGOKOMETBICAL RATIOS. 

17 Thebe remains to be considered, the Trigonometri- 
cal measurement of angles, that is, the measurement 
of angles by triangles. 

The inclination of a slope on a railway to the 
horizon is measured in this way. A railway is said 
to rise 1 in 40 when for every 40 yards of the railway 
it rises 1 yard. 

This is an indication of the angle made by the 
railway and the horizon, and is denoted by saying that 

the sine of the angle of inclination is j^ . 




The sine of an angle shews its size. If an angle 
has a sine ^ , it represents a slope of 1 in 2, a known 

slope and angle. If the sine be j it represents a slope 7 
of 1 in 4. A mistake must here be guarded against. 
The angle whose sine is ^ is not double the angle 



5 
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whose sine is ^ , as may easily be seen by drawing 
a figure. 

18 AMP is a right-angled triangle, and so APM is 

PM 

the complement of PAM. And it "vrtll be seen that jp 

is the sine of PAM; while 

AM 

jjj- is the sine of its comple- 
ment APM. This is called 
the cosioe of A, and repre- 
sents the rate of progress a 
along the horizontal line compared with the progress 
up tiie hilL If for every 40 up the hill AP, 13 is 
gone along the horizon AM, the cosine of PAM or 

cos A is said to be 777 . 

40 

19 The values of sine A and cosine A may be made 
familiar thus : 

I go 50 yds. straight up a hill-side AP* 

I rise PM or 30 yds. This shews that the slope 

is 3 in 5 and the sine of its inclination is ^ . 

o 

Also I go 40 yds. along a horizontal line on tl^ 

map AM. 

This shews me that the cosine of the inclination 
. 4 

That IS, sm As -^ ; cos A ei -— , 
A.T. '^ 
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20 We will proceed to discus these more faHy. 

An angle is formed hy a line starting from a fixed 
position and revolving in the direction opposite to the 
hands of a toatch 

The point P moTes in a circle and PAX increases 
to FAX, From P a perpendicular PM is let fall on 
the fixed line. 

Ajs the angle increases, FK i 
niflheB; while P moves 
in a drcle, that is, AP 
remains constant. 

The ratio of PM or 
AM to AP will deter- 
mine the size of the 
angle. So that if we 

PM 



know the value of 



AP' 




this will fix the size of 
the angle. So too if we know the ratio of AM to AP ; 
for instance, if AP = 2AM the size of the angle PAM 
is fixed. 

21 Just BS in circular measure we examine the fraction 
which the arc is of the radius, how many radii or parts 
of radii there are in the arc, so here we enquire 
what fractions the perpendicular PM and the base AM 
are of the radius. 

The first of these is called the sine of A. 



PM 



sin A = j-p and increases as the angle increases. 
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The other is called the cosine of A. 
cos A = -pp and decreases when the angle increases. 

22 There are six other ratios of the angle PAM, which 
are derived from these, and they are of two kinds ; 
those which increase while the angle increases and 
decrease while it decreases, and those which vary in 
the opposite way, viz. decrease while the angle in- 
creases. 

The first of these are the sine^ the tang^nt^ the 

secant^ and the versed sine of A. 

The others are of the opposite kind, they decrease 
when the angle increases. These are distinguished by 
the prefix co, since they are the corresponding ratios 

of the complement of A ; they are the cosine^ the co-^ 
tangent^ the cosecant^ and the coversed sine of A. 

23 Now these are all connected with sine and cosine 
of A in a way that should thus be remembered : 



. . PM . 

sm A = -p5- mcreases 
AF 

cos A = -x^ decreases 
AF 



tan A and cot A are ratios^ 

sec A and cosec A are recipro- 
cals of these, 

^ . sin A PM . 1 AP. _ 

tanA= — — r = TTTF ; secA = r- = -r-TiP l^^^fl*®* 

cos A AM' cos A. AM ' 

. cosA AM . 1 AP J. 

cotanA=^ — x =:5Tr=r; cosecA=-; — t^^dtut decrease, 
smA PM smA PM ' 

versinA=l — cosA; coversA=l — sinA. . 

It is best to remember the principle of increase 
and decrease, and so to have the ratios sorted inta the 
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two corresponding sets ; the one direct and the other 

inverse. 

24 The tangent and cotangent of A are the ratios of 
the sides which contain the right angle. So the nume- 
rator must be in one case the increasing and in the 
other the decreasing side. If a line AM of four parts 
have a perpendicular PM erected on it of three such 
parts^ an angle will be formed by AP with AM, whose 

.3 4 

tangent is -j and cotangent k • 

3 

26 To draw an angle whose sine is = • 

Take a line AP divided into five equal parts, and 
take a line PM equal to three of these parts. 

* 

A circle described on diameter AP in which the 
line PM is placed will 
form an angle PAM whose 

. . 3 

sine is ^ • 

• 

26 The ratios are all con- 
nected with on© another 
by formulae which must 
be remembered. 

We know that PM* + AM* = AH (Euc. I. 47), 

A AF"*" AP "'"'^' dividing by AP*. 

1. .\Bin*A+cos*A=l, 
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2. /. tan'A+l = sec"A, 

AM* AP* 

^^ PE* "^ ^ "" PM' ' dividing by PM*. 

3. /. cot*A + l = cosec'A. 

On the use of these three formulae and the original 
connections of tan A and cot A with sin A and cosAjj 
and of sec A and cosecA with sin A and cos A, some 
exercises will be given. 

In proving these identities, one side should be 
taken, and reduced to the form of the other by the 
aid of these three formulae and the original con- 
nections. 

(I) Example. Prove tan* A = sec' A — 1 . 

sin' A 



.a A — 



tail .£1. 


cos' A 








1 — cos' 
cos' A 


A 

— s 


1 

"cos* A 




= sec'A- 


1; 




/. taii'A 


= sec'A — 


1. 


Q. E. D. 



-1 



EXERCISES ON THE RATIOS. 

Prove the following identities: 
I. 1. sin' A = 1 — cos' A. 

1 



2. sec' ^ = 



l-sin'^d* 
l — cos'A 



3. tan'A= .. . 

cos'' A 
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4 cot* B = cosec* ^ — 1. 
5. COS A = cot A sin A, 

a A2/1 cos' 5 

8. sm»^= *^°'^ 



1 + tan'^* 
9. sec A = tan A cosec A. 

cosec* A 



10. sec»A= 



cosec* A — 1 * 



II. 1. secA + l=l±^. 

COS A 

2. taiiA=sinA.secA. 

sin* A 
1 — cos A ' 

sin* A 



3. l + cosA=: 



4. sec*A = lH 4-r . 

cos A 

5. sec* 6 + cosec* 6 = sec* 6 . cosec* 0. 

6. cot* <f> + tan* ^ = sec* ^ cosec* ^ — 2. 

7. l+tanA = Vsec*A + 2tanA. 

cot* A 



8. cos*A = 



1 + cot'A* 



9. (1 — sinA)secA = :; ; — r. 

^ 1 + sin A 

10. sin* - cos* = sin* - cos* ^. 
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III. (1) Find all the ratios of the angles 

- , . 113 3 a 

1. whose sine = 2 ; V2'' 2' 5^ ^^ 6* 

2. whose cosine = 1 ; q; ^; v/g; 6'; a'— 6*. 

(2) Find sin A and cos A, and thence find all the 
ratios of the different angles A, where 

1. secA = 2; cotA = ^; cosecA==V2. 

o 

4 

2. tanA = 0; secA = 200; tanA = Q, 

o 

(3) Find sec 6 and cosec 5, and thence deduce all 
the ratios of Oy where 

1 

1. tan^ = -02; cot^ = 20; 008^ = ^. 

o 

2. cot^ = 125; tan^ = 4-3; sin^ = ^. 



CHAPTER IV. 



TRIANGLES. 



27 To shew the immediate use of these ratios it will 
be seen that it is with these measures of angles and not 
with the arithmetical measures that the sides of tri- 
angles are connected. 

Let ABC be a right-angled triangle. We may- 
denote the angles by A, B, C, and 
the sides opposite to them by a, h, c. 

Here A> B, C represent the num- 
ber of degreeS) grades, or the circular 
measure of the angles, and a, b, c de- 
liote the number of feet, inches or 
any measure of the length of the 
sides. So that these letters, as is 
Usual in Algebra, represent nmnbers* 

AC is called the side h, being ^ 
opposite to the angle B. 




Then - = -po = 8inB: 
c AB ' 

and - = Tri = cos B ; 
c AB ' 



• • 



& = c sin B . 



or 



— sin A, 



.*. a = ccosB, 
or = c sin A. 
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In tte same way we obtain all the values; 
a = c sin A, or c cos B, and also = b tan A, or h cot B. 
J = ccosA, or csinB, and also = acotA, or atanB, 
c=:a cosec A, or a sec B, and also = 5 sec A, or J cosec B. 

These are true for the case of a right-angled triangle. 

These values of the sides should be written out from 
the figure alone, over and over again, so as to make 
the results and the method of obtaining them familiar. 

28 Ako in any triangle 

sin A _ sin B _ sin C 
a "" 6 "" c ' 

This may be easily proved for an acute-angled 
triangle. 

aA 

Draw a perpendicular AD 
from A on BC. 

AD=*6sinC 
and also = c sin B ; 

.•, 6sinC = csinB 



and 



sin B sin 




And by drawing a perpendicular from C we may 

prove 

... . Ti sin A sin B 

6 sin A = a sm 15 ; .*. 



a 



sin A sin B sin C 



• 



i 
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29 Also in any triangle 

a = & cos C + c cos B, 
for a = DC + BD, 

while DC = icosC and BD = ccosB; 

.*. a = 5 cos C + c cos B. 



Similarly 



J = c cos A + a cos C, 
c = a cos B + 6 cos A. 



30 These formulsB may be used to find values of parts 
of a triangle when others are given. 

A figure should always be drawn and the values 
which are given should be written by the corresponding 
sides or angles of the triangle. 

Examples : — 

L In a right-angled triangle. 



Given a = 3 
cosecA 



~n Findc. 



.-. sm A = 2 , cos B = 2 > 
and c = a cosec A = 6. 




n. In any triangle, 
given sin A = -3, sin B = '12, h = 3, 

we know that 



sin A sin B 



•3 '12 



15 



a 



V '''©"T"' •'*^" 2 • 
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When one ratio of an angle is given, we have seen 
that any of the others can be found from it. But this 
does not imply that only one sort of ratio is necessaiy 
and the rest are superfluous, but the richness of the 
forms found for the sides of triangles shews that all 
are necessary because of the large choice of forms 
which they give for practical use. 



EXAMPLES ON TRIANGLES. 

I. In a right-angled triangle where C is the right 
angle — 

1. sin A = '4 ; c = 60 ft. Find a and 6. 

2. sec A = 2 ; c = 20 in. Find a, & and sin B. 

1 

3. cosB = ^; c = 45. Find a, 6 and tanA. 

4. cosec B = V3 ; c = 23. Find a, 6 and sec A 

5. tan B = i/3 ; c = 1. Find a, 6 and cos A. 



II. In any triangle — 

1. sin A = ~- ; cos B = -^ ; 6 = 40. Find a. 

2. sinA= -5; sinB= -2; a = 25. Find 6. 

3. sinC = -2; sinA= '3; a = 18. Findc. 

1 1 

4. sin B s ^ ; cos C = k ; 6 = 30. Find c. 

3 3 

5. C08A= ^; cosB=s ^-,5 = 10* "ExsAo^ 
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IIL Where is a right angle — 

1. a = 30;6 = 20. Find sin A and tan B. 

2. a = 25 ; 6= 2. Find sin B and sin A. 

3. c = 13; 6= 12. Find sinB and cot A. 

4. a = 5 ; 6 = 12. Find cosec B and cot A. 
6. 6 = 12 ; c = 50. Find cot B and cot A. 

These may serve as an exercise here or afterwards 
in the measurement of triangles. We have treated 
at present of angles less than a right angle alone, so 
acute-angled and right-angled triangles alone are dealt 
with. But as the formulae are the same for all tri- 
angles, what has been said here of the formula given 
need not be repeated for obtuse-angled triangles. 



CHAPTER V. 

THE RATIOS OF CERTAIN ANGLES. 

81 The treatment of triangles with which the last 
chapter ended shewed that if the trigonometrical 
ratios of the angles of a triangle be known, the sides 
of the triangle may be found by the use of them, if one 
side is known. 
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Tables are composed, which give the trigonome- 
trical ratios of all angles, but there are some angles 
of which it is easy to find and remember the ratios. 

32 The cmgle 0. 



JUL 

When the angle A vanishes PM vanishes, so that we 
may say PM = 0, and sin = 0. 

And when A vanishes, AP coincides with AM, and 
is equal to it, so that cos A=-x^ = 1, giving cos = 1. 



TT 



33 An cmgle of 90% or ^ . 

These are the measures of a right 
angle. 

When PAM becomes a right angle, 
PM, the perpendicular, coincides with AP 
and is equal to it; while AM vanishes; 

giving sm 2 = 1, cos 2 =0, 




30 
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TT 



34 An angle of 30*, or ^ 

Let the line AP revolve from AM till PAM is 



^ of a rigtt angle. 




•»^ 



^^-.. 



••»^. 



-*- 



<p 



Draw a perpendicular PM from P. Then the tri- 
angle PAM is half an equilateral triangle, of which 
AP is one side, and AM is the perpendicular on the base. 



Then MP = 2 AP, 



sm30=^ = 2- 



Also sin» 30" + cos* 30" = 1 ; 

.•.cos*30'' = |, cos 30' = ^ 

.-. sin 30"=^, cos30» = ^, 

86 An angle of 46®, or 2- 

The angle PAM is formed by 
AP with the fixed side AM from 
which it has revolved through 
half a right angle. PAM being 
half a right angle, APM must ^ 
also be half a right angle, 
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and 



.-. AM = PM, 

PM» + AM* = AP' (Euc. I. 47) ; 

.-. 2PM» = AP»j 
. ,,-, /PM\* 1 



.*. sin 45* = 



V2' 



and for the same reasons 



since PM = AM. 



cos46« = ^2' 



36 



TT 




An angle of 60°, or ^ . 

If tte line AP revolve from 
AM till PAM is two-thirds of 
arightangla. 

Draw a perpendicular PM 
from P on AM. Then the 
angle PAM is the angle of an 
equilateral triangle, which may be completed^ having 
AP as one of its sides, and PM as the perpendicular 
on the base ; 

1 AM 1 

/. AM = iAP and co860° = ^ = | . 

sin"60' + cos»60' = l; 
.•.sin*60° = |, sin60«=^; 

sin60'^=^, cos 60° = I • 



Also 



and 
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37 These results may be gathered together, 

smO=0; sin 30'=|; sin 45'=^; sin 60^ = ^; sin90^=l. 

cosO=l; cos 30'=^; cos 45'= J^; cos 60'=|; cos 90^=0. 

These must all be remembered, and to help the 
memory it is usual to place them in a more convenient 
form, 







IT IT IT IT 

6 i 3 2 



f\ 3 i i 7 

cos yi, 5, 2> 41 "• 

# 

All the numbers are under a square root, and by 

arranging them thus, it is easier to remember the 

1 1 
results as ''The square root of the fractions 0, 2> o' 

-, V than to remember the series 0, o' "Tg* "2"' ^* 

which does not so easily strike the eye as being in 

order of magnitude. 

88 Having these values of sin A and cos A, the other 

ratios must be deduced from them, not remembered, 

viz. 

V3 



^^4 TT "" 1 
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This recalls to mind the fact that if one of the 
ratios of an angle be known, all the other ratios of 
that angle may be deduced from it. Yet of these 
particular angles, it is usual to remember both the 
sine and the cosine, since they may be represented 
in so simple a form ; and since the other ratios follow 
at once, as ratios and reciprocals of these. 

39 • Three sets of formulae have been found, for de- 
ducing sides of triangles from certain known parts 
which are given; viz. — 

I. In a right-angled triangle 

& = c cos A and the cognate formulae. 

n. In any triangle 

sin A _ sin B _ sin C 
a ~ 6 "" c * 

III. Also a = & cos C + c cos B, 
with two similar formulae. 

These formulae connect the sides of a triangle with 
the ratios of the angles. 

If the angles given are those of which we have 
just treated, viz. 0, 80', 45^ 60', 90', we know their 
ratios, and we can use them when required. If other 
angles are used the ratios must be discovered else- 
where, but if one of the ratios be given, any of the 
others may be found. It is well always to draw a 
figure carefully, and to write by the sides their lengths 
and in the angles their magnitude. 



A.T. 



34} EXAMPLES OK THE USE OF BATIOS. CHAP. V. 

Ex. I. A ladder 30 feet long, reaches to the top of 
a wall^ and is inclined at 
an angle 60^ to the street. 
How high is the wall ? 

PM is the wall. 

PM = APsin60^ 

= 30x^ft 

= 15V3ft. 

Now V3 is nearly 1*7320, so this may be reduced to^ 
feet and inches = 25 ft. 11*76 in. 

Ex. II. If sin A = -02. Find cot A. 
cosec A = 50, 

cot" A = 1 + cosec" A = 2501 ; 
.-.cot A =72501. 




EXAMPLES ON THE USE OF THE TBIGONOMETRICAL 

BATIOS. 

I. 1. What is the sine of the angle made with 
the ground by a ladder 60 ffc. long when it rests on the 
iop of a wall 30 ft. high ? 

2. Find sec 60^ tan ^: cot ^; sin 50^. 

6 3 

8. Find the distance between the top of a 
mountain (1,000 yds. high) and a village from which 
the top appears at an angle of elevation whose sine 
is -02. 
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IT IT 

4. Find tan -7 and sec ^ , cosec hV and cot 60^ 

5. Find the angle between a stick 20 in. long, 
and tlie ground on whicli its shadow from a vertical 
sun is 10 in. 

6. Prove that sin -^ + cos « «sin* ^ + cos' ^ . 

u o o o 

7. Find the depth of a pit which is reached 
by a tunnel 500 yards long, inclined to the horizon at 
an angle 30^ 

8. If sin A = '3, find sec A, cosec A, and cot A. 

II. 1. Two straight roads separate at an. acute 
angle. When I have gone 2 miles along one, I am 
1 mile from the other. Find the angle between them. 

2. "Write out all the trigonometrical ratios of 
the a^gle 30*. and of the angle whose cosine is | . 

3. Find the side 6 of a triangle where a = 3, 
cosA=*2 and cosB = '3. 

4. What is the height of a spire from which 
a rope 400 feet long to the ground makes an angle 

of45'withit? 

1 

5. In a triangle, cos A = 5 and c = 90". Find 

a when c = 30fb., or when 6 = 20 ft. 

6. Find the value of sin 30* + cos 45® + taSi 45^ 
and take its square root. 

7. How far off is a church tower (200 feet 
high) which subtends at my eye an angle whose tan- 
gent is '01 ? 



CHAPTER VI. 



RATIOS OF LARGE ANGLES. 



40 We have examined the nature of the Trigonome- 
trical ratios, sine, cosine &c., and their uses. "We have 
seen that for certain angles the ratios were easily 
found. 

The angles there discussed were all less than a right 
angle ; it remains to extend the consideration to angles 
greater than a right angle. 

An angle is formed by a straight line starting 
from a fixed position and revolving in the direc- 
tion opposite to the hands of a watch. 



p 

AP starts from AX and revolves. 



Whatever angle AP makes with AX, a perpendi- 
cular FU is drawn from F upon the fi±ed side AX; 

FM AM 

j=- and -Tp- are called the sine and cosine of PAX, 

and the other ratios are connected as before with them. 
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41 During the revolution of AP through four right 
angles there are four positions, where the ratios have 
the same nxmierical values as for any acute angle FAM, 
namely, the four positions shewn in the figure. 




With the increase of PAM, AM diminishes, and on 
the left of A it is less than 0, which value it had at A; 
therefore all lines along AM which lie to the left of A 
are considered as less than zero, that is as negative. 

In the same way PM, when PAM diminishes, be- 
comes less, and when PM is below the line AM, it is 
less than 0, that is negative. 



42 These are the conventions adopted with regard to 
the signs of lines that all parts of the fixed line AX 
wbicli lie to the left of A are negative; all to the 
right are positive in sign. 

All lines perpendicular to AX which lie below 
it are negative, and above it ^x^ y^^v^^ 
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To these may be added the convention adopted 
with respect to angles. 

If an angle be formed by the revolution of AP 
in the direction opposite to the hands of a dock 
it is positive, but if in the same direction it is 
negative. 

43 In accordance with these we may trace the changes 
in the value of sin A and cos A during the description 
of four right angles. 

In the first quadrant (o to ^ j , all acute angles. 




AU negative lines are dotted. 

PM and AM are both positive, 
sin A increases from to 1, 
cos A decreases from 1 to 0. 

In the second quadrant f ^ to ir\ one to two right 
angles. 

PM is positive and AM negative, 

sin A decreases from 1 to 0, 
cos A decreases from to — 1. 
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(SttN 
IT to -^1 , two to three 

right angles. 

PM and AM are both negative, 

sin A decreases from to — 1, 
cos A increases from — 1 to 0. 

-^ to 2ir\ three to four 

right angles. 

PM is negative and AM positive, 
sin A increases from — 1 to 0, 
cos A increases from to 1. 

^^ "We see then that the ratios are not the same for 
any angles except those which diflfer by a multiple of 
four right angles. 

For the first quadrant is the only one where 

aU the ratios are positive. 

In the second, cos A is negative, so that tan A and 

cot A are both negative and 
sin A and cosec A alone are positive. 

In the third, sin A and cos A are both negative, 

tan A and cot A alone are positive. 

In the fourth, sin A is negative, 

* 

COS A and sec A alone are positive, 
since tan A and cot A will be negative. 

But the ratios of angles greater than a right angle 

are obviously connected with those of acute angles, 

since they are the ratios of the sides of a right-angled 
triangle, though they differ in sign from them. 

The following sections "will shew how the^ ^S5^ ^^^- 
nected. 
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45 I. The ratios of an angle are unaltered by the 
subtraction of any mnltiple of four right angles 

from it, for the revolution of a line through four right 
angles does not alter its position. 

46 IL An angle which differs fit>m another, by 
two right angles, has numerically the same sine 
and cosine, but with opposite signs. 

Let AP revolve till it is in a straight line AP' with 
its former position AP, that is, let it revolve through 
two right angles. 




Then the whole angle P'AM is equal to PAM 
together with two right angles, and if PAM be denoted 
byo, P'AM = 7r + a. 

Draw a perpendicular FW from P' on AM pro- 
duced. 

FM' . , . X . PM . 
-j^=s8in (TT + a) and -^ = sina. 

PM . . „ 1 . FM' 

-Pp- IS numencally equal to -jp- , 

but PM and P'M' are of opposite sign ; 

P'M' PM ,, ^ . . , ^ X „-r. ^ 

.-. -j^=--^,thatissm(^ + a) = -sma. 
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Q. ., , AM' AM . / , N 

bimilarly ■t^= — rp- *.^. cos (tt + a) = — cos a ; 
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/. sin (tt + a) = — sin a, 
cos (tt + a) 



= — sina, I 
= — cosa;J 



from which it will be seen that all the ratios change 

their sign except tan (tt + a) and cot (tt + a). 

47 in. The snpplement of an angle has numeri- 
cally the same sine and cosine as the angle itself^ 
but the cosine is of the opposite sign. 




If the line AP revolve to AP' so that it makes P'AM 
the supplement of PAM, i,e, so that the angle PAM 
together with P'AM will make up two right angles, 
then PAM = P'AM'. 

Draw a perpendicular P'M' from F on AM pro- 
duced. 

FM' . , , , PM . 

-^^=sm(7r-a) and jp =sma. 



And 



FM' PM 
AP'^AP' 



since PM and P'M' are of the same sign, 

.*. sin (tt — a) = sin. a. 
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S. .| , AM' AM , . 

uxnlBxij '^pr = -^p, /. cos (ir-a) = -cosa, 

since AM and AM' are of opposite signs. 

.% sin (tt — a) = sin a, 1 
cos (-TT— a) = — cos a, ) 
from which it will be seen that all fhe ratios of the 
si^lement are of opposite sign except sin (^ - a) 
and cosec(7r-a). 

48 lY. The sine, tangent, and secant of an angle 
are the cosine, cotangent, and cosecant of its c^- 
plement* 

This was pointed out in 
the first mention of the ratios. 
For the two angles APM and 
FAM of any right-angled tri- 
angle are complementary^ and 

PM 

TtT i which is the sine of the ^ 
Air 

angle at A is the cosine of the angle at F, and all 

the ratios of A are the complementary ratios of F. 

Therefore sin 65^ = cos 25^ 

cosec 75' = sec 25^, 

. TT .TT 

or tan ^ = cot ^ . 

o o 

49 Owing to this connection between the ratios of 
angles it is unnecessary to give tables of ratios for 
angles greater than 45®; for ratios of all angles may be 

reduced to ratios of angles less than 45® by these 

rules : — 
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I. Subtract any multiple of four right angles, 
360°, 400^, or 27r, without altering the ratios. Thus 

tan 668' = tan 308^ 

II. Subtract 180^ 200^, or tt from it, keeping 
the same ratio but changing the signs of all but 
the tangent and cotangent. Thus tan 380® = tan 128^ 

•• . 

IIL Subtract it from lS(f, 200^, tt; the Ratios re- 
main the same, but all change their sign except the 
sine and cosecant. Thus tan 128® = — tan 52®. 

IV. Subtract it from 90®, 100^, |; changing all 
ratios to complementary ratios. Thus 

- tan 62® = - cot 38® ; 
therefore tan 668® = - cot 38®. 

50 A few examples are given in the use of these: it is 
well to keep the fig^es given in cases II. and III. 
in the mind when using those methods, as they give 
the true sign by inspection. 

The following examples should be done in this way, 
by using the four rules one by one : for example, 

sin 235® = - sin 55® = - cos 35®, 

cosec 655^ = cosec 255^ = — cosec 55^ = — seb 45^ 

X 15 . 4 . TT 

tan -^ TT = tan ^ TT = tan ^ . 
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Beduce to ratios of angles less than half a right 
angle : — 

(1) sin 832°. (2) sin553^ (3) sin862^ (4) cos322^ 
(5) cosec^TT. (6) cos568^ (7) cos348^ (8) tan420^ 

(9) cos — TT. (10) cot 438°. (11) tan 482^. (12) sec222^ 
o 

(13) 008 436°. (14) tan 853°. (15) sinll2^ (16) sinl082^ 
(17) sec 92°. (19) cot 580°. (19) co8ec765^ (20) secSlO^ 
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51 To find the value o/* sin (A + B) and cos (A + B). 

Let BAX be represented by A, then if the angle 
PAB be represented by B, the line PA has revolved 
from AX through an angle A + B. 

Take a point P in this final line AP« 

Draw perpendiculars from P ; PN on AB and PM 
on AX, and perpendiculars NR, NS on PM and AX. 




M S 
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The angle MFN is equal to the angle BAX, for 
the lines MP, FN which contain it are perpendicu- 
lar to the lines BA, AX which contain A. 



,^ . ,. ^, PM RM + PR NS + PR 
Nowsm(A + B)=^- = — ^p— = — ^p- 



NS . , PR 
+ 



. AP' . AP^ 

where some line connecting NS and AF is placed in 
numerator and denominator, viz. AN; and PN con- 
necting PR and AF. 

. ,. ^, NS AN . PR PN 
sin(A + B)=:-^.^ + pjj.^ 

= sin A cos B + cos A sin B. 



,, ^, AM AS-MS AS 'RN 
Alsocos(A + B)=;^^ __=___ 



_ AS AN RN ra 
"AN'AP PN'AP 

.= cos A COS B — sin A sin B. 
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62 To find sin (A — B) and cos (A — B). 

Let NAX = A and PAN = B. 

Let the line OP revolve through an angle A and 
then in the opposite direction through an an^le B. 

When it arrives at the position AP it has described 
an angle A — B, or PAX. 

Take F in this final line AP, 




Draw perpendiculars, as before; from P on AN and 
AX, and from N on PM and AX. 

. ,. ^. PM RM-RP 
sm(A-B)=jp=: ^ 

_NS EP _ 

'AP 'AP 

_NS AS^BP PN 
""AS'AP PN'AP' 

and EPN=NAX = A, since NP, EP are perpen- 
dicular to AN and AX. 

.% sin (A — B) = 8inAcosB — cosAsinB. 
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., ,. -,, AM AS + SM 

^AS NR AS AN NR PN 

'AP"*" 'AP"AN'AP''"PN'AP 

= cos A cos B + sin Asin B. 

63 These four values must be remembered : 
sin (A + B) = sin AcosB + cos AsinB, 
cos (A + B) = cos A cos B — sin A sin B, 
sin (A — B) =5 sin A cos B — cos A sin B, 
cos (A — B) = cos A cos B + sin A sin B. 

Thus cos 75' = cos (46° + 30") 

= cos 45** cos 30' - sin 46' sin 30' 

V2' 2 V2'2"' 2V2 • 

Also 
sin 15' = sin (45' - 30') == sin 45' cos 30' - cos 45' sin 30' 

"■^2* 2 V2*2"^ 2V2 ' 

%.e. cos 75' = sin 15', which we know, because the one is 
the complement of the other. 

It will be an exercise to find sin 75' and cos 16' 
in the same way. 

54 The angles A and B are in the figure given as less 
than a right angle ; , the result is in no way altered by 
drawing any angles. 
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Thus in the case where A lies between 135® and 
180° and 90V B > 45^ 

sin (A + B) is represented by -pp. 



It must be remembered distinctly that the ratios 

of the whole angles with their proper signs must 

be used according to our conventions. 

The figure is formed as before by drawing perpen- 
diculars from P in the final position of AP, and com- 
pleting the figure as before by drawing perpendiculars 
from N. 

Here we see that the value of the conventions 
of sign is that it makes onr formnlsd hold gene- 
rally. 

55 To find values of sin 2 A and cos 2 A, 

Let A = B in § 51, then sin2A = sin (A + A), 
.•. sin 2A = 2 sin A cos A, 
and cos 2A = cos* A — sin' A = 1—2 sin' A = 2 cos' A — 1. 
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.A A 

56 To find values of sin -^ and cos ^ in terms q^ sin A 
and cos A. 

c()sA=l-2siii'^or = 2c()s'^-l, 

. „A 1 — cosA J a A 1 + cosA 
/. sin^2= 2 ^^® 2 = 2 » 



. A , /l-cosA J A . /l + 
•••sin^-^iy 2 *^^ cos 2^=+^ 



cos A 



These are tlie values in terms of cosA. 

57 Again we have in § 55 

2sin^cos^:=8mA, 

A A 

and always sin* ^ + cos* -« = 1> 

/. sin'-^ + 2 sin ^ cos ^ + cos* -^ = 1 + sin A. 

The left-hand part is a square, so taking the root of 
both sides, 

^ j^ 

sm^ + cos 2=±^l + sinA, 

sin -^ — cos -g- = ± <yi — sinA. 
. A 



/• 2sin^ = ± 7l +sin A± V 1 - sin A, 
2 cos^= ± ^1 + sin A + ^/l — sin A. 

These are the values in terms of sinA.^ 

A. T. 



«^ 
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There are four fimdaiuental formula^ 

sin (A + B) = sin A cos B + cos A sin B, 
sin (A — B) = sin A cos B — cos A sin B, 
cos (A + B) = cos A cos B — sin A sin B, 
sin (A — B) = cos A cos B + sin A sin B ; 



(1) 



and from these are derived by addition and 
^dtraction, 

dn(A + B)+sin(A-B)=2sinAcosB, . 
sin (A + B) — sin (A — B) = 2 cos A sin B, 
cos (A + B) + cos (A — B) = 2 cos A cos B, 
cos (A + B) — cos (A — B) =s — 2 sin A sin B ; 



(2) 



60 



and by writing a for A+B and /3 for A-B^ 

sina + sinp = 2sm — ^r— cos — ^ — > 



(3) \ 



sina — sinp = 2cos ^ sin —J—^ , 

cosa + cosp = 2cos--^ cos — ^, 

Q ^.a + ^.a — /8 
cosa — cosp = — 2sin — ^ sin — -^ . 

These formulae should be worked out from the 
original four, and their derivation and use should be 
thoroughly known before proceeding. 

By the first set of formulae we can find 
61 sin 75* and sin 15^. 

By the second set such results as 

— sinAsinB = 5{cos(A + B)-cos (A-B)}f 



^ » V. 



'( «*■.!.' ■• \ 
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By the third set we obtain 

sin 3A + sin 5A = 2 sin 4A cos A , 



In doing the examples that follow^ one side of the 
identical equation must be taken^ and reduced to the 
other, not both worked at once ; 

. A 

. sin TT r; T 

^T_ ^ A -2 ^1 — cosA 

thus tan ^ = i - = ^. - - 



^ cos I n/1 + cos"A 



1 — cos A 1 — cos a 



VI -COS* A sinA ' 

A _ 1 — cos A 
• xan TT — ; I • 
2 sin A 
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EXAMPLES ON THE USE OF THE FOBMUL^. 



Prove the following identities : 

T - ^ A sin A 

I. 1. tan -TT = 



3, 



2 1 4- cos A' 
2. cos 6A + cos 2 A =s 2 cos 4A cos 2A. 



sm 



. . T5 tanQ(A-B) 
A — sm B 2 ^ ^ 



sinA+sinB , 1 /a . t5\ 

tan ^ (A + B) 



4. 2 cosec 2 A = sec A cosec A. 

^ sin6A — sin2A ^ ^^a • a 

5. —, — 5T ; — iTT = 2 cot 4A sin A. 

sin 5 A + sin 3 A 

^ , , A _ 2 sin A — sin 2 A 
^^ ^^'^ 2""2sinA+sin2A- 

7. cos 3A = 4 cos* A — 3 cos A. 

8. cosec 2 A + cot 2 A = cot A. 
^ sin6A — sin2A « . 

9, —. =-r ; ^r-x" = 2 COS A 

sm 5 A — sm 3A 
10. sin 3A = 3 sin A — 4 sin' A. 



•^ '4. 
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IT 1 * f\ , Tt\ tanA + tanB 
11. 1. tan(A + B) = ^^^^^^^ . 

2. tan(A-B)= tanA-tanB 

^ ^ 1+tanAtanB 

on oA A 0084A + COS2A 

3. 2cos3AsecA = 5-7 . 

cos" A 

4. cos A + cos 3A = 2 cos 2A cos A. 



1— tanA 1 + tanA 

/> J. A X OA sin4A + sin2A 

6. cot A tan 3 A = . ' . . ^. . 

sin 4A — sin 2 A 

7. sin 7A — sin 3A = 2 sin 5 A cos 2A. 

o « A cot A + tan A 

8. sec 2A = 



9. 



cot A — tan A * 
sin A + sin 3A + sin 5A sin SA 



sin3A+sin5A+sin7A sin5A* 
10. cos 2A+ cos 2B = 2 cos (A+ B) cos (A - B). 



CHAPTER VIIL 



TRIANGLES. 



02 The solution of triangles from certain given parts 
has been shortly noticed as being the chief use as well 
as the best practice in the use of the ratios. 

The cases treated before have been the right-angled 
triangle^ and the formula 

sin A _ sin B _ sin C 
a 6 "" c * 

There is a case in the use of the latter which may 
be noticed, f(s a good example of the discussion of the 
parts of a triangle. 

03 To soke a triangle having given two sides and the 
a/ngle opposite to one ofihem. 

Let a, & be two sides, and A the angle opposite to 
one of them. 

^, sin A sin B 

Then 



a 




b 


f 


sinB 


= 


&sin 
a 


A 

9 



from which the value of sin B is given and B may be 
determined, except in certain cases. 
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1. If . i sin A > a, sin B > 1, and so there can be no 
corresponding value of B, or there can be no triangle 
with the given parts. 

« 

2. If & sin A = a, sin B = 1, and B is a right angle. 
3.r If 6 sin A < a, sinB<l, or the value ofB is 

possible. But an angle and its supplement * have 

the same sine^ therefore there are two angles less 
than 180^ that is in a triangle, which are given by 
this known value of sin B, one greater and one less 
than a right angle. 

i. If d > J, A> B, (Euc. I. 18) or B can only have 
the smaller value, for A and B cannot both be obtuse 
angles. 

ii. If a < 6, A < B, and there are two values of B, 
one the supplement of the other, and there are two 
triangles which have the given parts a, b, A. 

This is called the ambiguous case in the solution 
of triangles. 

These deductions may be exhibited geometrically. 

^ To construct the triangle from the given parts. 

The line AC is placed, so as to make the angle A 
with AB, and from it is cut off a part AC, equal to the 
line b, one of the given sides. 

With centre C and distance a, the other side, a 
jcircle is described, which will cut AB in the other point 
B of the triangle. 

From C a perpendicular CD is drawn on AB. 

CD = b sin A. 



oG 
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1. Now if CD > a the circle will not cut AB/ and 
there can be no 8uch triangle. 

2. If CD = a the circle will touch AB, and there 
will be one triangle right-angled at B. 

3. K CD > a, the circle will cut AB ip two points 
B, B'. 




/^ 



i. If a > J, they will be on opposite sides of A, and 
the two triangles ACB, ACB' will not have the sanie 
angle A> but an angle and its supplement 




J> _.-.- 'B^ 



ii. If a < 6, the two triangles ABC, AB'C will both 
have the angle A and the given sides a, b. 

In this case the solation of the triangle from these 
parts is ambiguoiuu 
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65 . To find the length of the base of a triangle when 
two sides a, by and the included angle C are given^ 

We have found in § 29 that 

a == ft cos C + c cos B, 
ft =,0 cos A + a cos C; 
c = a cos B + ft cos A ; 

and therefore multiplying by a, ft, c that 

a' = aft cos C + ac cos B, 
ft* = bo cos A + aft cos C, 
c' = ac cos B + ftc cos A. 

Adding the first two and subtracting the third, 

a«a.6«-c'==2aftcosC, 

.•.c'=a'+V-2abcosC, 

with similar forms for a and ft. 
66 The parts of this triangle can be found in a 

form more suitable to computation. 

sin A _ a ^ sin A — sin B a — ft 
sin B "" ft ' " sin A + sin B "" a + b ' 

>4(^-^) a-i 
'"tani(A + B) " + *' 

1 c 

since A + B = 7r — C, i.e. tan^ (A + B) =cot^ ; 

X 1/A -Dx a — ft, 
.•.tan2(A-B)=^-p^cotMi2. 

Hence A— B is found; and A + B being known, 
the angles A, B, XJ and the sides a, ft, c can be deduced. 
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67 To solve a triangle when the three sides are given, 
We know that 

a' + 6'-c' = 2a6cosC, 



/. cosC = 



2ab ' 



^-^"^^ = ^ 2ar-= 2ah - 

. , C _ (c — g + 5) (c + g — 6) 
^"^ 2 4^5 • 

1 1 

Let « =s= 5 (a + J + c), then s — a = - (6 + c — o) &c. 

••^"' 2 Si • 

Also 

l + co8C = l + -^2^^ 2^^— , 

aC (a + & + c)(a + &-c) 
•••cos 2- 4^ 

jC s.(s-rc) 

.'. cos' 7C = 



2 a6 

Hence we have the values of the ratios of half the 
angles in terms of the sides ;-^ 

C_ /{ s-a){s-h) 



C A. 



C_ / (a-a){8-b) 
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68 In first dealing with triangles, acute-angled triangles 
alone were considered. But the conventions there 
introduced have brought obtuse-angled triangles 
also into the same forms, so that the formul» there 
found hold for all triangles* 

69 In collecting the formulae for use it ia suggested 
that in this form they may be useful as well as a 
reminder of ..the methods used, as of the facts them- 
selves ; they are 

I. FormulsB connecting sides and angles of right- 
angled triangles ; in twelve ways. 

II. In any triangles 

sin A sinB sinC 
a c 

III. a = 6 cos C + c cos B, and two similar forms. 

' ■ • •. 

IV. a' = 6' + c* — 216 cos A; „ „ „ „ 

V. tan|(B-.C)=j^^cot2 „ „ „ 



VT • -^ / (g - 6) {s ^) 

Vi. sm^=:^ ^ „' „ „ M 

A_ /s.is'-a) 



2 V sAs — a)' 



99 99 » >» 
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70 TojM the area of a triangle. 
Area^^BCAM 



= ^ a . c sin B 

^ . B B 

= (tc sin 5" cos -s- 




.„.yMtz« /53 



— a) (* — c) 



a^ "v ac 

Area = Js. (« — a) (^^6}/(«-c)% 
This is usually denoted by S, while the semi-sum of 

the sides ^ (a + 6 + c) is denoted by 8. 



Hence 



sin A sinB sinC 2S 
a h abc* 



71 To ^nc? the radius of the circle which circumscribes 
a triangle. 

Joining the centre O to B and C, and drawing a 
perpendicular on BC. 

Let the radius = R. 

The angle BOC is twice 
the angle A, 
so that BOM = A, 
and R = BO 

= BM cosec BOM, 

/. R = s cosec A =s 5—7 — T* 
2 2 sm A 




R 



abc 
4^8 * 
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72 To find the rddiua of a circle inscribed in a triangle. 
Let the radius = r* 




The area of the triangle is made up of the area of 
the three triangles AOB, AOC, COB. 

Now the area of triangle AOC =^6.7'; 



111 

/. area of ABC = ^a.r + ^6.^ + oC^.r 

A 4^ JL 



= ;5(a + 6 + c)r 



= 5.r ; 



so that 



r = 



area of ABC S 



e 



8 
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73 To find the radiua of the escribed circles. 

Let the radius of the circle escribed on the side a 
be r^, and of those on the others r^, r,. 




The area of ABC =^ AOB + AOC - BOC 
= 2^-^1 + 2 ^^*-"2^'^* 



= 2(c + 6-a)r, 



= («-a)rj; 



r. = 



area 



S 



: so r„ = 



S 



S 



* 5 — a «— a' * 



5 — 6' " «-c' 



CHAPTER IX. 
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74 The calculations necessary to the finding of the 
parts of triangles, by the use of these formulae, would 
he long and inconvenient, were it not for the use of 
logarithmic tables. 

By the use of these the operations of mathematics 

are much simplified. Multiplication of two nmnbers 
is replaced by the addition of their logarithms ; Di- 
vision by the subtraction of their logarithms ; while 
the tedious operation of finding roots and powers is 
effected by the division and multiplication of ' the 
logarithms by the indices. 

A logarithm is an index. If a'==m, x is called 

the logarithm of m to the base a, and it will be seen 
that the operations spoken of are just those which take 
place with the indices of numbers. 

75 The best definition of a logarithm that can be given 
is o^<*«* = X, when logjc is read " the logarithm of x to 
the base a" 



('A JXjGABJTHXS. 

Tbu5 10^''«»- = 2. Here '301030 is the loganthm 
of 2 to the h&se 10, the index of the power to which 10 
us raUed. 

Using this definition we hare 

Multiplying, a^**-^ = ary = a^^^+^^-i'. 

••. log^ay = log^ + log^. (1) 

Dividing, a^*^ = - = a*««»-*«Jr, 

/. log.^=log^-log^. (2) 

y 

Raising to the power m, a'**^ = af* = a"**^. 

.'. log^ = fn log;/r. (3) 

76 1. The logarithm of a product is equal to the sum 
of the logarithms of the factors, as 

logio6 = log,,3 + log,,2. 

2. The logarithm of a quotient is equal to the 
difference of the logarithms of the factors, as 

log,o5=log,,10-log,,2. 

3. The logarithm of a power is equal to the pro- 
duct of the index of the power, and the logarithm of 
the number, as 

log,o3' = 21og,,3. 

77 Tables are computed which give the logarithms of 
numbers, and the logarithms of the sine and cosine of 
angles less than 45^ 

AU the preceding formulsB may be written in the 
form adapted for the use of tables, if they are in the 
form of products. 
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The logarithm of a sum is not the sum of loga- 
rithms, so that for this method of computation those 
which involve sums only are useless, e.g, 

a = 6 cos c + c cos B. 



Examples of the adaptation of formulae : 

(1) a = c sin A, 

log a = log c + log sin A. 



§27. 



(2) sm^^^^ L^ i, 



§67. 



A 1 

log sin ^- = ^ {log (s- 6) +log(s-c) -log6-logc}. 



2 2 
(3) tan^CB-C) =^cotan ^ , 



§66. 



1 A 

log tan 3 (B - C) = log (6 - c) - log (6 + c) + log cot ^ . 



78 'In referring to a table of logarithms, numbers will 
be found in this form : 



, and so on for 3, 4, &c. 



N 





1 


2 


825 


916454 


Co07 


C559 



This means that 



log 8250 = 3916454, 
log 8251 =3-916507, 
log 8252 = 3916o59. 



JL.T. 
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The nnmbers given in the table are decimals 
and are the logarithms of 8*250, 8*251, and so on, 

for numbers which lie between and 10 must have 
logarithms between and 1, that is, pure decimals. 

A number is placed before these decimals which 

depends on the value of the place of the highest digit. 

This is called the characteristic, since it denotes the 
integral part of the power of 10. 

If this place be 10", for instance millions, the cha- 
racteristic is n, in that case 6, 

log 8252000 = 6-3916539. 

If in a decimal the highest place be 10"*, the cha- 
racteristic is — w ; tens of thousandths giving 4. 

log -0008251 = 4-3916507. 

a The theory of logarithms simply is that which has 
been given here, that a logarithm follows the rules of 
indices ; but it will be understood that the use of loga- 
rithms can only be mastered by practice. 

Those who wish to follow out the practical part of 
the subject will now take up books on Mensuration. 
Prof. Elliott's books are good instances of the kind. 

Those who wish to attend to the theoretical ques- 
tions of Trigonometry will find that what has been 
said here will be a stepping stone to Todhunter's larger 
Trigonometry. 
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L 1. Shew that neither the sine nor the cosine 
of an angle can be greater than unity. 

2. Prove that 

cot' A + cosec' A = (sin* A + 2 cos' A) cosec' A. 

3. Find sin 25^ and cos 15* from the ratios of 

T and t: • 
4 6 

4. At what height will a bullet hit a house, 
when it is fired from the ground 20 yards ofif, at an 
elevation of 15* ? 

5. What are the measures of the angle of a 
vquindecagon ? 

6. If one side of a triangle be 15 ft. and the 
adjacent angles be 60® and 75®; find the other angle 
and the sides. 

7. What is the angular elevation of the sun 
when a vertical stick casts a shadow as long as itself? 
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II. 1. I stand in a line with one side of a rect- 
angular building at a distance of 35 yds. from the 
corner, and the house subtends an angle of 30" at my 
eye. How long is that side which I see ? 

2. A triangle has sides a = 3, 6 = 2. Find be- 
tween what limits sin B must lie that the triangle may 
be possible and ambiguous. Must the triangle be 
ambiguous if it is possible ? 

3. Prove that sin (f> . tan ^ = sec ^ — cos <}), 

I 

4. Assuming cosA = ^; what dififerent angles 

are denoted ? 

4 

5. I go 3 miles up a slope whose cosine is ^, 

4 
and 5 miles down one whose cosine is -= , what is the 

o 

whole distance gone on level ground ? 

■* 

6. Find the French measure of ^ ; -^'and SV. 

Kr -n XI. .sin 8^— sin 2^ ^^ .>, 

7. Prove that —.—f=-^ -. — tt = cos 50 sec 4^, 

sin 7d — sm ^ 

III. 1. Alter to French measure (metre = S9 in) 
the following statement. A field has two sides of 
300 yds. and 200 yds. inclined to one another at aii 
angle of 89M5', while one of the other sides of 150 yds. 
is inclined at an angle of 105". 2' to the latter. Write, 
in a form adapted to logarithms, the other side and the 
area of the field. 

2. A gable of a house 30 ft. wide is 10 ft. high ; 
find some measure of its angles. 
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« 

8. Prove that sec A + sec 3 A = 2 cos 2A • sec 3 A 

4. Find the radius of a circle escribed on the 
greatest side of a triangle whose sides are 5 ; 4; 3. 

5. Find the side a of a triangle when the other 
sides are 3 and 4, and cos B = '3, and cos C = '4. 

6. What is the length of a tire of a wheel whose 
radius is 52 in. ? What part of it is cut oflf by two 
spokes including an angle 1*5 ? 

7. Prove that 

sin tan ^ + cos ^ cot Q 

= - (sec e + cosec &) (2 - sin 2^). 

IV. 1. Find the degrees, minutes and seconds in 
the angles 34^. 15\2r; 12P.8\3r; i^; fj; r003. 

2. Find the diagonals of a parallelogram, of 
angle 60^ included by the sides 5 and 3. 

/ 3. What is the area* of the triangle whose 

A = 35M6'; 6 = 3571 ft.; c = 16-21 ft? 

Given 

log sin 35\ 16' = 97614638 - 10 

log 3571 =3-5527899 , 

log 1621 =3-2097830 

log 33422 =4-5240324 

log 33423 =4-5240454. 
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4. A railway cutting is 12 yds. deep, 80 yds. 
broad at the top, and its slopes are 15 yds. long. Find 
the breadth of the railway and the ratios of the angle 
of the slopes to the horizon. 

6. Prove that cot ^ + cosec ^ = cot 2 . 

6. A hurdle is composed of three bars 7 ft. long, 
two uprights at their ends 3*5 ft. long, and two cross 
bars joining the comers. Find the angle made by the 
latter with all the bars. 

7. Given tan A = 21, tan B = 20, in a triangle, 
find tan C. 

V. 1. Alter the expressions cos <^= ^ ; arc 40 ft., 

rad. 30 ft.; 6 = ^ or ^; A = 35» or 18" to French 
measure. 

2. Two ships leave harbour; one sails N.N.E. 
at a rate of 8 knots an hour, the other sails northwards 
and keeps the first always due East of her. How fast 
does the latter sail ? 

3. In a triangle, A=35M5', B = 82\48', 
a = 15-2 ft, 6 = 1048-2 in. Find c, given 

cos 35^ 15' = -8166 ; sin 7'. 12' = 1253. 

4. Prove that 

cosec (A + C) = cosec B, 
and 

2 (sinA+sinB) (cosA+cosB)=sin2A+sin2B+2sinC, 
when A, B, C are angles of a triangle. 
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5. A river is 350 ft. wide, and a man swims to 
the other side in 700 ft. How much is he carried down 
stream, and at what angle to the bank ? 

6. Prove that 

sec 75^ -sec 15* =2^2. 

7. Find the radius of the circle inscribed in a 
triangle whose sides are 5 ; 11 ; 21, 
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rected. Fcp. 8vo. 2s. f5d. 

Elements of Algebra. By the Rev. J. Hind. Sixth 

Edition, revised. 640 pp. 8vo. 10s. 6d. 

Pelicotetics, or the Science of Quantity. Aji Ele- 
mentary Treatise on Algebra and its Groundwork Arithmetic. By 
ARCHIBALD BANDSMAN, M.A. 8vo. 20«. 

TRIGONOMETRY. . 

Trigonometry required for the Additional Subjects 

for Honours at the Previous Examination, according to the new 
scheme sanctioned by the Senate June 1865. By J. M^'DOWELL, 
M.A., Pembroke College. Crown 8vo. 8«. 6d. 

Elementary Trigonometry. By T. P. Hudson, 

M.A., Fellow of Trinity College. 8f. 6d. 

Elements of Plane and Spherical Trigonometry. 

By the Rev. J. HIND. Fifth Edition. 12mo. 6s. 

Solutions of the Trigonometrical Problems proposed 

at St John's College, Cambridge, from 1829 to 1846. By THOMAS 
G A SKIN, M.A., late Fellow and Tutor of Jesus College, Cambridge. 
8vo. 9s. 
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MECHANICS AND HYDROSTATICS. 
Mechanics required for the Additional Subjects 

for Honours at the Prerious Examination, and for the Ordinary B.A. 
Degree. By J. M'DOWELL, M.A, Pembroke College. Crown 8to. 
9t.ed. 

Elementary Hydrostatics. By W. H. Besant, 

M.A, late Fellow of St John's College. Fcp. 8vo. is. 

Elementary Hydrostatics for Junior Students. By 

a. POTTEB, M.A., late Fellow of Queens' College, Cambridge, Professor 
of Natural Philosophy and Astronomy in University College, London. 

Mechanical Euclid. Containing the Elements of 

Mechanics and Hydrostatics. By the late W. WUEWELL, D.D. 
Filth EdiUon. 6#. 

Elementary Statics. By H. Goodwin, D.D., Bishop 

of Carliala Fcp. 8vo, cloth, 2s. 

Elementary Dynamics. By H. Goodwin, D.D., 

Bishop of Carlisle. Fcp. 8vo, doth, St. 

A Treatise on Statics. By the Rev. S. Eabnshaw, 

M.A Fourth Edition. 8vo. 10#. 

Problems in illustration of the Piinciples of Theo- 
retical Mechanics. By W. WALTON, M. A. Second Edition. 8to. 18s. 

Treatise on the Motion of a Single Particle and 

of two Particles acting on one another. By A SANDEMAN. 8yo. 8s. 6d. 

Of Motion. An Elementary Treatise. By the Rev, 

J. R. LUNN, M.A., late Fellow and Lady Sodleir's Lecturer of 8t 
• John's College. 8vo. 7«. 6d. 

An Elementary Treatise on Mechanics. For tho 

use of Junior University Students. By RICHARD POTTEE, A.M., 
F.C.P.S , late Fellow of Queens' College, Cambridge. Fourth Edition, 
revised. 8s, 6d. 
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A Treatise on Hydromecliaiiics. By W. H. 

BESANT, M. A. Sto. Second Edition, enlarged, lOt. dd. 

Problems in illustration of the Principles of Theo- 
retical Hydrostatics and Hydrodynamics. By W. WALTON. M.A. 
8vo. 10*. 6d. 

Collection of Elementary Problems in Statics and 

Dynamics. Designed for Candidates for Honours, first three days. By 
W. WALTON, M.A. 8vo. 10*. 6d. 

GEOMETRY, CONIC SECTIONS, &c. 
Exercises on Euclid and in Modem Greometry, 

containing Applications of the Principles and Processes of Modem 
Pure Geometry. By J. MCDOWELL, M. A., F.B. A.S., Pembroke College, 
pp. xxzi, 800. Crown Syo. Ss. 6d. 

First Lessons in Theoretical Geometry for Schools. 

By T. G. VYVYAN and S. W. LOOK, Fellows of Caiu^ College, 

Cambridge, and Mathematical Masters at the Charterhouse. 

[In the Preii. 

The Geometry of Conies for Beginners. By 

C. TATLOE, M.A., Fellow of St John's College. Crown 8vo. 8». 6d. 

Text Book of Geometry. By T. S. Aldis, M.A., 

Trinity College, Cambridge. Small Syo. As. 6d. Part L Angles- 
Parallels— Triangles— Equivalent Figures— Circles. 2t. 6d. Part II. 
' Proportion. 2s, Sold separately. 

The object of the work is to present the subject simply and concisely, 
leaving illustration and explanation to the Teacher, whose freedom text- 
books too often hamper. Without a Teacher however this work will possibly 
be found no harder to master than others. 

As far as practicable, exercises, largely numerical, are given on the dif- 
ferent Theorems, that the pupil may learn at once the value and use of 
what he studies. 

Hypothetical constructions are throughout employed. Important Theo- 
rems are proved in more than one wav, lest the pupil rest in words rather 
than things. Problems are regarded chieflv as exerases on the Theorems. 

Short Appendices are added on the Analysis of Reasoning and the Appli- 
cation of Arithmetic and Algebra to Geometry. 

Elementary Analytical Geometry for Schools and 

Beginners. By T. G. VYVYAN, Fellow of Gonville and Caius College, 
and Mathematical Master of Charterhouse. Second Edition revised. 
Crown 8vo. 7«. 6d. 

Tiilinear Co-ordinates, and other methods of Modem 

Analytical Qeomtiry of Two Dimensions. By the Rev. W. ALLEN 
WHITWORTH, M.A., Professor of Mathematics in Queen's College, 
liiverpool, and late Scholar of St John's College, Cambridge. Svo. Ut. 
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An Introduction to Plane Co-ordinate Geometry. 

ByW.F.TU&NBULL, ILA^FeUowofTrinityCoUege. 8to. 12t. 

Elementary Geometrical Conic Sections. By W. H. 

BESANT. H. A., late Fellow of St John's College. Fcap. 8yo. 4«. 6d. 

Conic Sections. Their principal Properties proved 

Geometrically. By the late W. WHEWELL, D.D., Matter of Trinity. 
Third Edition. 8to. 2f. 6d, 

The Geometrical Construction of a Conic Section. 

By the Ber. T. OASKIN. 8to. Bs. 

The Solutions of Geometrical Problems, chiefly in 

Plane Co-ordinate Geometry, proposed at St John's College, from Dec. 
1880 to Dec. 1846, with an Appendix containing several General Proper- 
ties of Curves of the Second Degree. By THOMAS GASKIN, late 
Fellow and Tutor of Jesus College. 8vo. 12f. 

Problems in illustration of the Principles of Plane 

Oo-ordinate Geometry. By W. WALTON, M.A. 8vo. 16#. 

The Elements of Conic Sections. By J. D. 

HUSTLEB, B.D. Fourth Edition. 8vo. is.6d. 

A Treatise on the Application of Analysis to Solid 

Geometry. By D. F. GREGORY, M.A. and W. WALTON, M.A. 
Second Edition. 8vo. 12g. 

Elementary Treatise on Solid Geometry. By "W. 

S. ALDIB, M.A. 8vo. St. 



DIFFERENTIAL AND INTEGRAL CALCULUS. 

An Elementary Treatise on the Differential Calcu- 
lus. By W. H. MILLER, M.A. Thhrd Edition. 8vo. 6t. 

Treatise on the Differential Calculus. By W. 

WALTON, M.A. 8vo. 10#. 6d. 

Geometrical Illustrations of the Differential Calcu- 
lus. ByM. B. PELL. 8vo. 2f . 6(1. 
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ASTRONOMY. 

An Introduction to Plane Astronomy. For the 

Use of Colleges and Schools. By P. T. MAIN, M.A., FellQW of 
8t John's College. Second Edition, with additions, if. 

Practical and Spherical Astronomy for the use 

chiefly of Students in the Universities. By the Bev. &. MAIN, M.A., 
Radcliffe Observer, Oxford. 8vo. 14f . 

Briinnow's Spherical Astronomy. Translated by 

the Eev. R. MAIN, M A., F.R.S., Radcliffe Observer. Part I. In- 
cluding the Chapters on Parallax, Befraction, Aberration, Precession, 
and Nutation. Svo. 8t.6<L 

Elementary Chapters on Astronomy from the 

"Astronomie Physique" of Biot By H. GOODWIN, D.D. Bishop 
of Carlisle. 8vo. U. M, 



An Elementary Treatise on Elliptic Functions. By 

A. CAYLEY, Sadlerian Professor of Mathematics in tbe University of 
Cambridge. Preparing. 

Of False Discontinuity, with illustrations from 

Fourier's Theorem and the Calculus of Variations: by M. M. U. 
WILKINSON, M. A., late Fellow of Trinity College. Svo. Is. 6d. 

Notes on the Principles of Pure and Applied 

Calculation ; and Applications of Mathematical Principles to Tneories 
of the Physical Forces. By the Rev. J. CHALLIS, M.A., F.R.S., 
F.R.A.S., Piumian Professor of Astronomy and Experimental Philo- 
sophy in the University of Cambridge, and Fellow of Trinity College. 
Svo. 16s. 

An Essay on the Mathematical Principles of Phy- 
sics, with reference to the Study of Physical Science by Candidates for 
Mathematical Honours in the University of Cambridge. By the Rev. 
" " ~ R. A. S., Piumian P " 



JAMES CHALLIS. M.A.,F.R.8., F.R.A.S., Piumian Professor of As- 
tronomy and Experimental Philosophy in the University of Cambridge, 
and Fellow of Trinity College. Svo. 5s. 

Choice and Chance. By Willi am Allen Whitworth, 

M. A., Fellow of St John's. Second Edition, enlarged. Crown Svo. 6s. 

A Chapter on Fresnel's Theory of Double Refrac- 
tion. By W. S. ALDI8, M.A Svo. 2s. 

Notes on Roulettes and Glissettes. By W. H. 

BESANT, M.A., Lecturer and late Fellow of St John's College, Cam- 
bridge. Svo. 8<. 6d. 

A Treatise on Dynamics of a Particle. By W. H. 

BESANT. Preparing. 

Elementary Course of Mathematics. Designed 

principally for Students of the University of Cambridge. Bv H. 
GOODWIN, D.D.. Bishop of Carlisle. Sixth Edition, revised and en- 
larged by P. T. MAIN, M. A., Fellow of 8t John's College, Cambridge. 
8vo. Ids. 
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Mensuration. By B. T. Moore, Fellow of Pembroke 

College. With numerous Examples. Fcap. 8vo. 6t. 

Newton's Principia : first three Sections with Ap- 

Sendix, and the Ninth and Eleventh Sections By J. H. EVANS. M.A., 
t John's College. Edited by P. T. MAIN, M.A. Fcap. 8vo. it. 



Problems and Examples, adapted to the " Elemen- 
tary Course of Mathematics." By H GOODWIN. D.D.. Bishop of Car- 
lisle. Third Edition, revised, with Additional Examples in Conic Sec- 
tions and Newton. By THOMAS 0. V YY YAN, M.A., FeUow of Oon- 
viile and Caius ColleRe. 8vo. 6f . 

Solutions of Goodwin's Collection of Problems and 

Examples. By W. W. HUTT.'M.A., late Fellow ofOonville and Caiui 
College. Third Edition, re^ " " 
VYVYAN, M.A. 8vo. 9#. 



Oc^lejro. .Third Edjtion, revised and enlaii^ed. By the Bev. T. Q. 

. V X ^ 



Collection of Examples and Problems in Arith- 
metic, Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, 
Mechanics, &c. with Answers and Occasional Hints. By the Rev. 
A.WE1QLEY. BUth Edition. 8vo. Ss.M. 

A Companion to Wrigley's Collection of Examples 

and Problems, being Illustrations of Mathematical Proce^sex and 
Methods of Solution. By J. PLATTd, Esq., and the Rev. A. WRIGLEY , 
M.A. 8vo. 12s. 

Series of Figures Illustrative of Geometrical Optics, 

From BCHELLBACH. By the Rev. W. B. HOPKINS. Plates. 
Folio. 10«. 6d. 

A Treatise on Crystallography. By W. H. Miller, 

M.A. 8vo. li.ed, 

A Tract on Crystallography, designed for Stu- 
dents in the University. By W. H. Millkb, M.A. Professor of Mine- 
ralogy in the University of Cambridge. 8vo. 6s. 

Geometrical Optics. By W, S. Aldis, M. A., Trinity 

- College. Fcap. 8vo. Ss. 6d, 

An Elementary Treatise on Optics. Part I. Con- 
taining all the requisite propositions espied to first Approximations ; 
with the construction of Optical Instruments. For the use of Junior 
University Students. By RICHARD POTTER, A.M., F.C.P.8., late 
Fellow of Queens' College, Cambridge. Third JidUion, revised. 9s. 6d, 

Physical Optics, Part II. The Corpuscular Theory 

of Light discussed Mathematically. Bv RICHARD POTTER. M.A. 
Late Fellow of Queens' College. Cambridge. Professor of Natural Philo- 
K^hy and At^nomy in University College, London. 7s. Qd, 
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Tlie Greek Testament: with a critically revised 

Text ; a Digest of Various Readings : Marginal References to Verbal and 
Idiomatic Usage; Prolegomena; and a Critical and Bxegetical Com- 
mentary. For the use of Theological Students and Ministers. By 
the late HENBY ALFORD, D.D. Dean of Canterbury. 
VoLL Sixth Edition, containing the Four Gospels. U.Si. 

Vol. IL Sixth Edition, contahiing the Acts of the Apostles, the 
Epistles to the Romans and Corinthians. 1/. it. 

Vol. IIL Fourth Edition, containing the Epistles to the Oalatians, 
Ephesians. Philippians, Colossians, Thessalonians,— to Timotheus. 
Titus and Philemon. ISt. 

YoL IV. Part I. Fourth Edition, containing the Epistle to the He- 
brews, and the Catholic Epistle of St James and St Peter. 18t. 

VoL IV. Part II. Fourth Edition, containing the Epistlesof St John 
and St Jude. and the ReTelation. lU. 

Dean Alford's Greek Testament with English Notes, 

intended for the upper forms of Schools and for Pass men at the 
Universities. Abridged by BRADLET H. ALFORD, M.A., Vicar of 
LeaTenheath, Colchester; late Scholar of Trinity GoU^;e, Cambridge. 
Crown 8to. Ids. dd. 

Codex Bezse Cantabrigiensis. Edited with Prole- 
gomena, Notes, and Facsfiniles. By F. H. SCRIVENER, M.A. Small 
4to. 26«. 

Companion to the Greek Testament. Designed 

for the use of Theological Students and the Upper Forms in Schools. 
By A. C. BARRETT, M.A.. Caius College. Second Edition, revised 
and enlarged. Fcap. 8vo. 5s. 

Butler's Three Sermons on Human Nature, and 

Dissertation on Virtue. Edited by the late W. WHEWELL, D J). With, 
a Preface and a Syllabus of the Work. Thbrd Edition. Fcap.8T0. 2r. 6dl. 

An Historical and Explanatory Treatise on the 

Book of Common Prayer. By W. O. HUMPHRY, B.D. Third 
and Cheaper Edition, revised and enlarged. Fcap. 8vo. i$. M. 

Annotations on the Acts of the Apostles. Ori- 
ginal and selected. Designed principally for the use of Candidates 
for the Ordinary B.A. Degree, Students for Holy Orders. Ae,, with 
College and Senate-House Examination Papers. By the Ber. T. B. 
MASKEW, M.A. Second Edition, enlarged. 12mo. 6s. 

An Analysis of the Exposition of the Creed, writ- 
ten by the Right Reverend Father in God, J. PEARSON, D.D., late 
Lord Bishop of Chester. Compiled, with some additional matter occa- 
sionally interspersed, for the use of Students of Bishop's College, Cal- 
cutta. By W. U. MILL, D.D. Third Edition, revised and corrected. 
8vo. 6s. 
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Hints for some Improvements in the Authorised 

Version of the New Testament By the late J. BCHOLEFIELD, M. A. 
Fourth Edition. Fcap. 8to. it. 

A Plain Introduction to the Criticism of the New 

Testament With 40 facsimiles from Ancient Manuscripts. For the use 
of BibUcal Students. By F. H. SCRIVENER, M.A. Trinity College, 
Cambridge. Svo. 16«. 

The Apology of Tertullian. With English Notes 

and a Preface, intended as an Introduction to the Study of Patristical 
and Ecclesiastical Latinity. By H. A. WOODflAM, LLB. Second 
Edition. 8to. Bs. 6d. 



Six Lectures Introductory to the Philosophical 

Writings of Cicero. With some Explanatory Notes on the subject- 
matter of the Academica and Be Fmibus. By T. W. Lbtik, M.A., 
St Catliarine's College, Inter-Collegiate Lecturer on Logic and Moral 
Philosophy. 8vo. 7«. 6d. 

The Academica of Cicero, to which this woric is a practical intro- 
duction, is one of the Subjects for the Classical Tripos, 1874, 1875. 

^schylus. Translated into English Prose, by 

F. A. PALEY. M.A, Editor of the Greek Text. Second Edition, 
revised and corrected. 8to. 7s. 6d. 

uEschylus. The Persians of. Translated into Eng- 
lish Verse, by w. u qrney, m.a. Fcap. 8vo. 8#. 

-^tna. Revised, emended, and explaiued, by 

H. A. J. MUNBO, M,A., Fellow of Trinity College, Cambridge. 
8to. Zs. M, 

Aristophanis Comoediae superstites cum deperdita- 

rum firagmentis, additb argumentis, adnotatione critica, metronmi de- 
scriptione, onomastico et lexico. By the Rev. Hubbbt Holdsk, LL.D., 
late Fellow of Trinity College. Cambridge, Head Master of Ipswich 
School, and Classical Examiner to the University of London. Third 
Edition. 

VoL I. containhig the text expurgated with summaries and critical 
notes, also the fragments, 18s. 

The plays sold separately : Achamenses, 2s. Equites, Is. 6d. Nubes, 
ls.6d. ye8pae,2f. Pax,l«.6d. Aves,2«. LysistrataetThesmophoriazusae, 
Zs. Ramie, 2s. Ecclesiazusae et Plutus, Zs, 

Vol. 11. Onomasticon Aristophanevm continons indicem geogra- 
phicvm et historicvm, 6s. M. (all published). 
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Aristophanes. Pax, with an Introduction and 

Sngliah Notes. By F. A. PALEY, M.A. Po8t8va ii.6d. 

Cicero. The Letters of Cicero to Atticus, Bk. I. 

With Notes, and an Essay on the Character of Uie AuUior. Edited by 
A. PEBTOE. ILA., late of Trinity CoUege, FeUow of St Catharine's 
College, Cambridge. PostSvo. 4*.6d. 

Demosthenes, the Oration against the Law of Lep- 

tines, with English Notes, and a Translation <rf WolfelB Prolegomena. 
Edited by B. W. BEATSON, M.A. Fellow of Pembroke CoUege, Cam- 
bridge. Second Edition. Small Svo. 6f. 

Demosthenes de Falsa Legatione. Third Edition, 

carefully revised. By &. SHILLETO, A.M. 8vo. 8f.6d. 

Euripides. Fabulse Quatuor, scilicet, Hippolytue 

Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fldem 
Manuscriptorum ac veterum Editionum emendavit et Annotationibus 
instruxit J. H. MONK, S.T.P. E(fitionoTa. 8to. 12<. 
Separatelp^Kippoljtm, 8to, cloth. 5t. ; Alcestis. 8to, sewed. i$. 6d. 

Lucretius. With a literal Translation and Notes 

Critical and Explanatory, by the Rev. H. A. J. MUNEO, M.A., Fellow 
of Trinity College, Cambridge. Third Edition, revised throughout. 
S Vols. 8vo. YoL I. Text, 16t. YoL II. Translation, 6s, May be had 
separately. 

Plato. The Apology of Socrates and Crito. With 

Notes, Critical and Exegetical, Introductory Notices and a Logical 
Analysts of the Apology. By WILHELM WAGNEB, Ph. D. Post 
8vo. if. 6d. 

Plato. The Phaedo. With Notes by W. Wagner, 

Ph. D. Post 8vo. 5*. M. 

Plato. The Gorgias, literally translated, with an 

Introductory Essay, contaming a Summary of the Argument. By 
E. M. COPE, M. A. Fellow of Trinity College, Cambridge. 8vo. 7«. 

Plato. The Protagoras. Greek Text revised, with 

an Analysis and English Notes. By W. WAYTE, M.A., late 
FeUow of King's College, Cambridge, Assistant Master at Eton. 
Second Edition. Small 8vo. is. M. 

Plato. The Philebus. Translated with short Ex- 
planatory Notes. By F. A. PALET, M.A. Fcp. 8vo. is. 

Plautus. Aulularia. With Notes, Critical and 

Exegetical, and an Introduction on the Plautian Metres and Prosody. 
By W. WAGNEB, Ph. D. 8to. 9s, 
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Plautus. Trinummus. With Notes, Critical and 

EzegeticaL By W. WAGNER, Fh. D. Crown 8vo. it. 6d. 

Propertius, Verse-Translations from Book V. With 

a ReTisod Latin Text, and Brief English Notes. By F. A. PALET, M.A. 
Editor of Propertiua, Ovid's Fasti, ke. Fcp. 8vo. St. 

Quintilian. The Tenth Book, Latin Text, with 

Introduction, Analysis and Commentary. By JOHN E. B. MAY OB, 
M.A., Fellow of St John's College, Cambridge. lOt. 

Terence. With Notes Critical and Exegetical, an 

Introduction and Appendix. By W. WAGNER, Ph. D. Post 8to. 
10«. 6d. 

Theocritus, with short Critical and Explanatory 

Latin Notes. By F. A. PALET, M. A. Second Edition, corrected and 
enlarged, and containing the newly-discovered IdylL Crown 8vo. 4«. M. 

Theocritus. Translated into English Verse by 

0. 8. CALYERLEY, Ute Fellow of Christ's College, Cambridge. 7«. 6d. 

Thucydides. The History of the Peloponnesian 

War by Thucydides. With Notes and a careful Collation of the two 
Cambridge Manuscripts and of the Aldine and Juntine Editions. By 
RICHARD SHILLETO, M.A. Fellow of Peterhouse. Book I. 8to. 
6t 6d. 

A Complete Greek Grammar. For the use of 

students. By the late J. W. DONALDSON, D.B. Third Edition, 
considerably enlarged. 8vo. 16t. 
Written vrith constant reference to the latest and most esteemed of 
Greek Grammars used on the Continent. 

A Complete Latin Grammar. For the use of 

students. By the htte J. W. DONALDSON. D.D. Third Edition, 

considerably enlarged. 8vo. lit. 

Designed to serve as a convenient hand-book for those students who 
wish to acquire the habit of writing Latin ; and with this view it 
is furnished with an Antibarbarus, witb a full discussion of the most 
important synonjrms, and with a variety of informatifm not generally 
contained in works of this description. 

Varronianus. A Critical and Historical Introduc- 
tion to the Etlmography of Ancient Italy, and to the Philological Study 
of the Latin Language. By the late J. W. DONALDSON, D.D. 
Third Edition, revised and considerably enlarged. 8vo. 16f. 

Exercises on Latin Accidence, by John E. B. 

MAYOR, M.A., Fellow of St John's College. Second Edition. Crown 
8to. It.M. 
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Exercises on Latin Syntax, by J. E. B. Mayor. 

8 Parts, M. each. 

Translations into Greek and Latin Verse. By 

B. 0. JEBB, Fellow of Trinity Oollege and Public Oxator in the Uni- 
versity of Cambridge. Small 4to. lOf. 6d. 

The First Book of Pope's Homer's Iliad. Trans- 
lated into Latin Elegiacs. By the Hon. 6. DENMAN, M.A., formerly 
Fellow of Trinity Oollege, now one of the Judges of the Court of Com- 
. mon Pleas. Small Sro. Zs.6d. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University 
Teaching. A Practical Essay on Liberal Education. By the late J. W. 
DONALDSON, D.D. Crown 8vo. 5s. 

Translations into Greek and Latin Verse. By 

R. C. JEBB. 4to, cloth gilt, 10s. 6cL 

Translations into English and Latin. By C. S. 

CALYEBLEr, late Fellow of Christ's College, Cambridge. Small 8vo. 

Arundines Cami : sive Musarum Cantabrigiensium 

Lusus Canorl Collegit atque ed. H. DRUEY, AM. Editio quinta. 
Cr. 8vo. Is. 6d, 

Foliorum Silvula. Part the first. Being Passages 

for Translation into Latin Elegiac and Heroic Verse. Edited with 
Notes by the Rev. HUBERT HOLDEN. LL.D., Head Master of 
Ipswich School. Late Fellow of Trinity College. Cambridge, Clasdcal 
Examiner in the University of London. Sixth Edition. PostSvo. 
Is.ed. 

Foliorum Silvula. Part the second. Being Select 

Passages for Translation into Latin Ljrric and Comic Iambic Verse. 
Arranged and edited by the Rev. Dr HOLDEN. Third EdiUon. 
PostSvo. 6s. 

Foliorum Silvula. Part the third. Being Select 

Passages for Translation into Greek Verse. Edited with Notes by 
the Rev. Dr HOLDEN. Third Edition. PostSvo. 8s. 

Folia Silvulae, sive Eclogse Poetarum Anglicorum 

in Latinum et Graecimi conversse quas disposuit HUBEETU8 
HOLDEN, LL.D. Volumen Frius. Continens Fasciculos I. II. PosI 
8va lOs. 6d. Volumen Alterum continens Fasciculos III. IV. 12r. 
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Foliorum Centurise. Being Select Passages for 

Translation into Latin and Greelc Prose.- Arranged and edited by 
the Kev. Dr HOLD l£N. Fifth Edition. PoetSvo. 8f. 

Greek Verse Composition, for the use of Public 

Schools and Private Students. Being a revised edition of the Qreek 
Verses of Shrewsbury SchooL By the Kev. 6E0&QB PBEST0N» 
Fellow of Magdalene College, Oambridge. Small Svo. i$. M. 

Sertum Carthusianum Floribus trium Seeculorum 

Contextum. Oura GULIELMI HAIQ BROWN, SchoUe Carthusianae 
ArchididascalL 8va lir. 

MvsdB Etonenses sive Carminvm EtonsB Condito- 

rvm Delectvs. Series Nova, Tomos Dvos Oomplectens. Svo. 15f . Edidit 
BIOABDUS OKES, S.T.P., Coll. Begal. apvd Cantabrigienses Prsepo- 
•itvs. VOL II., to complete Sets, may be had separately, price 6s. 



Accidence Papers set in the Previous Examination, 

December, 1866. 12mo. 6d. 

Cambridge Examination Papers, 1859. Being a 

Supplement to the Cambridge University Calendar. 12mo. 2s. 6d» 

Containing the various Examination Papers for the Tear. With Lists 
of Ordinary Degrees, and of those who have passed the Previous and 
Theological Examinations. 

The Examination Papers 0/1856, 1857 and 8, 2s. M. each, 

may still be had. 

A Manual of the Boman Civil Law, arranged 

according to the SyUabus of Dr HALLIFAX. By G. LEAPING- 
WELL, LL.D. Designed for the use of Students in the Universities and 
Inns of Court. Svo. Vis. 

The Mathematical and other Writings of ROBERT 

LESLIE ELLIS, M.A., Ute Fellow of Trinity College, Cambridge. 
F/dited by WILLIAM WALTON, M.A., Trinity CoUege, with a 
Biographical Memoir by H. GOODWIN, D.D., Bishop of Carlisle. 
8vo. lis. 

Lectures on the History of Moral Philosophy in 

England. By the late Bev. W. WHEWELL, D.D., formerly Master 
of Trinity College, Cambridge. New and Improved Edition, with 
Additional Lectures. Crown bvo. 8«. 

The Additional Lectures are printed separaUly in Octavo for the conve- 
nience of those who have purchased the former Edition. Price Zs. 6d. 

A Concise Grammar of the Arabic Language. Re- 
vised by SHEIKH ALI NADY EL BARRANT. BythehiteW. J. 
BEAMONT, M.A., Fellow of Trinity College, Cambridge, and Incum- 
bent of St Michael's, Cambridge, sometime Principal of the English 
College, Jerusalem. Price Is. 

A Syriac Grammar. By G. Phillips, D.D., 

President of Queens' College. Third Edition, revised and enlarged. 
8vo. Xs. M. 



PrepariTig, new HditioTif Foolscap Svo. 

9:1ft ^tvLatnV^ (§ufiit to tbt SSntbtrdttp 

iHTRODFcnoir, by J. R. Seclsy, M.A. 

05 Univebsitt Expenses, by the Rev. H. Latham, M.A. 

05 THE Choice of a College, by J. R. Seeley, M.A. 

05 THE COXTKSE 07 ReADOG FOR THE MATHEMATICAL 

Teipos, by the Rev. W. M. Campion, B.D. 
05 THE Course of Readdtg for the Classical TRiPoe, 

by the Rev. R. Burn, M.A. 
05 THE Course of Reading for the Moral Sciesces 

Tripos, by the Rev. J. B. Mayor, M.A. 
On the Course of Reading for the Natural Sciences 

Tripos, by Professor Liteing, M.A. 
On Law Studies and Law Degrees, by Professor J. T. 

Abdy, LL.D. 
Medical Study and Degrees, by G. M. Humphry, M.D. 
On Theological Examinations, by Professor £. Harold 

Browne, B.D. 
The Ordinary (or Poll) Degree, by the Rer. J. R. 

LUMBY, M.A. 

Examinations for the Civil Service of India, by the 

Rev. H. Latham, M.A. 
Local - Examinations of the UNiVEBSiTYy by H. J. 

RoBY, M.A. 
Diplomatic Seryiok. 
Detailed Account of the Seyieal Colleges. 

The new Hditiony adapted to the recent altera- 
tions, is now in prepao'ation, and toiU it is hoped be 
issued in the autumn, 

'* Partly with the view of asBistixig parents, gnardiana, 
•choohnasters, and students intending to enter their names at 
the University — partly also fur the benefit of undergraduates 
themselves — a very complete, though concise, volimie has just 
been issued, which leaves little or nothing to be desired. For 
lucid arrangement, and a rigid adherence to what is positively 
useful, we know of few manuals that could cmnpete with this 
Student's Guide. It reflects no little credit on the University 
to which it supplies an unpretending, but comj^te, intra- 
duction."— Sattjbdat Rkvisw. 

CAJCB&IDGB : PKINTED AT THS UNIVXBaiTT FKESfk 



